Introduction
Let p ≥ 5 be a prime. A well-known conjecture of Serre (see [20] ) asserts that any two dimensional irreducible representation
which is odd (in the sense that det(c) = −1, where c is complex conjugation), arises from reduction modulo p of the p-adic representation attached to a newform by Deligne (see [3] ). In such a situation, we say that ρ is a modular mod p Galois representation.
To make this more precise, let us fix once for all an embedding ι p :Q ֒→ Q p . This at once provides us with a place ofQ lying over p; we will denote this place by p. The qualitative form of Serre's conjecture predicts that there is a newform f in the space S k (Γ 0 (N), χ) of newforms of weight k (throughout this note we assume that k ≥ 2), level N and Nebentype χ, such that for any prime ℓ not dividing pN, we have Tr(ρ(Frob ℓ )) = a ℓ mod p and det(ρ(Frob ℓ )) = χ(ℓ)ℓ k−1 mod p, where a ℓ is the eigenvalue of the Hecke operator T ℓ , for ℓ = p. In fact, Serre made precise certain minimal invariants N(ρ), k(ρ), ε(ρ), where ε(ρ) is a primitive character of conductor dividing N(ρ), such that there is a newform f of weight k(ρ), level N(ρ) and nebentype ε(ρ), which gives rise to the representation ρ. We will call these the Serre invariants of ρ. We note that N(ρ) is prime to p, 2 ≤ k(ρ) ≤ p 2 − 1 and ε(ρ) is a character of conductor dividing N(ρ) and order prime to p; we refer the reader to [20] for the precise definitions of these invariants. As a consequence of the work of Mazur, Ribet, Carayol, Gross, Edixhoven and Diamond (see [5] ) one now knows that if ρ is modular, then it does indeed arise from a newform with the corresponding Serre invariants.
But there are infinitely many distinct newforms that give rise to the same modular mod p Galois representation. We say that such forms are congruent. We emphasise that a congruence in our sense means that the Fourier coefficients of congruent newforms at almost all primes are congruent mod p.
In this note we prove results linking the behaviour of congruent newforms. In Section 2 we relate the mod p ordinarity of a modular mod p Galois representation as above to the ordinarity (or the lack of it) of the forms which gives rise to it (see Theorems 2.2, 2.5, 2.6). In section 3 we state results about the local component at p of an automorphic representation and the local representation at p of the p-adic representation associated to the form. These results answer what were posed as questions in earlier versions of this article: the answers are available thanks to [18] .
This note was written in 1995. In spite of it not having been published till now, as it still gets occasionally referred to as a preprint ( [9] for a recent instance), we felt encouraged to rescue it from the limbo.
We thank H. Hida, Dipendra Prasad and J. Tilouine for conversations.
Mod p representations
Recall that we have fixed an embedding ι p :Q ֒→Q p . This provides us with a place p lying over p inQ. Let D p be the decomposition group of p, with respect to the place p, in Gal(Q/Q); let I p be the inertia subgroup of D p . If f is a newform, we will frequently use the symbol π(f ) to denote the corresponding automorphic representation and π p (f ) for its p-component. We begin by recalling:
be an irreducible Galois representation. We say that ρ is ordinary at p if ρ| Dp is reducible and has an unramified one-dimensional quotient.
Definition:
A newform of level N, p not dividing N (resp. p dividing N) on Γ 1 (N) is said to be ordinary at p if the eigenvalue of T p is a p-adic unit (resp. the eigen value of U p on f is a p-adic unit).
Remark: If a newform f ∈ S k (Γ 1 (N)), with N prime to p, is ordinary at p, then from f we can create in the usual way 2 ordinary p-old forms f ′ , f ′′ ∈ S k (Γ 1 (Np)) which have the same eigenvalues as f outside p by the usual recipe. We recall the recipe. If α, β are the roots of the Euler factor at p of L(f, s), then we may assume, without loss of generality, that α is a p-unit. Then f
are the required forms whose eigenvalues under U p are α and β respectively.
The following result of Deligne, Hida, Mazur-Wiles and Wiles (see Section 12 of [8] for instance), which is well-known, is the starting point for our note. The following theorem provides a reasonable answer to this question (part 1 of the following theorem can also be found in Theorem 6.4 of [5] Remark: If f gives rise to ρ then one can twist f by a character of p-power conductor and p-power order to get non-ordinary forms which give rise to ρ. But using the theorem stated in the introduction of [13] , we can get non-ordinary forms which give rise to ρ in other less obvious ways.
Proof: We assume that ρ is modular and ordinary at p, i.e
where χ is a power of the mod p cyclotomic character ω (recall that ω :
, where ζ p is a primitive pth root of unity). Thus χ = ω a for some integer a. We normalise a to be between 1 and p − 1. Then Serre defines:
if a = 1 and ρ is peu ramifiée at p p + 1 if a = 1 and ρ is très ramifiée at p As a consequence of Edixhoven's work (see [6] ), it is known that ρ arises from a form of weight k(ρ) on Γ 1 (N) for some N such that (N, p) = 1. From the above we see that 2 ≤ k(ρ) ≤ p + 1. We now need to recall theorems of Deligne and Fontaine (see Theorem 2.5 and 2.6 of [6] respectively). Thus it follows from these two theorems that any form f ∈ S k(ρ) (Γ 1 (N)) which gives rise to ρ is ordinary. After this the existence of infinitely many ordinary newforms which give rise to ρ follows from the work of Hida (see [12] ).
For the second assertion, we just need remark that this is a result of Deligne, Hida and Mazur-Wiles quoted above.
For the third assertion, we just note that ρ arises from a newform in S k(ρ) (Γ 1 (N(ρ)). Then by the main theorem of [13] (there is a restriction on the determinant of ρ in that paper which is easily seen to be superfluous in the present application of the main theorem of that paper: [15] is a more recent reference), we see that ρ arises from a newform in S 2 (N(ρ)p r , ε(ρ)) p−new for all r ≥ 3. Any such form is supercuspidal at p if r is odd (see Remark 4.25 of [10] ). If r is even then the form in the p-new part of S 2 (N(ρ)p r , ε(ρ)) which gives rise to ρ can be chosen to be principal series at p. This is an application of Carayol's lemma (see [13] , Remarks 11.2 and 11.3). From this the third assertion of the theorem follows from the result that a form in the p-new part of S 2 (Γ 0 (N(ρ)p r ), χ) with cond(χ) = p s and s < r (r > 1) has p-eigenvalue zero (see [16] ).
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We now take up another aspect of Question 1. We have seen in the above theorem that if we start with a mod p modular representation ρ which is ordinary, then any form of minimal weight and level prime to p which gives rise to ρ is ordinary. In the theorem which follows we prove a similar result about the forms of weight two and minimal p-power level which give rise to ρ.
Theorem 2.5 Let ρ be an irreducible modular mod p representation which is ordinary at p. Then ρ arises from a form f ∈ S 2 (Γ 1 (N(ρ)p)) with N(ρ) prime to p. Further any form in S 2 (Γ 1 (Np)) (for any N which satisfies (N, p) = 1) which gives rise to ρ is ordinary at p if k(ρ) = 2; otherwise the form in S 2 (Γ 1 (N)) is ordinary while there exists a p-old form in S 2 (Γ 1 (Np)) which is not ordinary and which gives rise to ρ.
Proof: That ρ arises from S 2 (Γ 1 (N(ρ)p)) follows from the level lowering results of Mazur, Ribet, Diamond and Carayol and Edixhoven's proof of the weight part of Serre's conjecture upon using the result (see [1] ) that a representation ρ which arises from
Suppose first that ρ| Ip ∼ ω * 0 1 , where ω is the mod p cyclotomic character. If ρ is finite at p then we know that ρ arises from a form f in S 2 (Γ 1 (N)) (for some N prime to p, this is a consequence of Mazur's principle cf. [19] ) else ρ arises from a form in S 2 (Γ 1 (N) ∩ Γ 0 (p)) p−new . We see easily from Theorem 2.5 and Theorem 2.6 of [6] , that a newform f in S 2 (Γ 1 (N)) which gives to ρ is ordinary at p; while it is easily seen that from such an f we can create a non-ordinary p-old form in S 2 (Γ 1 (Np)) which gives rise to ρ. If ρ arises from S 2 (Γ 1 (N) ∩ Γ 0 (p)) p−new (with (N, p) = 1) then we use the well-known result that a form in this space has p-th eigen value such that its square is ε(p), where ε is the nebentype and is consequently ordinary at p.
Now suppose that ρ|
for 3 ≤ k ≤ p, where we use the notation of loc. cit. Namely, L(k − 2) is the space of mod p cusp forms on Γ 1 (Np) on which a ∈ (Z/pZ) * acts by a k−2 , i.e., the k − 2nd power of the identity character, and
is the space of mod p cusp forms on Γ 1 (N) of weight k (resp., the mod p space of cusp forms on Γ 1 (N) and weight p + 3 − k with the Hecke action twisted by the k − 2nd power of the identity character as in the discussion before loc. cit.). Now on the one hand irreducible mod p representations which arise from M On the other hand as we have seen in the proof of Theorem 2.2, it follows from Theorems 2.3 and 2.4, that a newform in f ∈ S k (Γ 1 (N)) ((N, p) = 1, 2 ≤ k ≤ p + 1) gives rise to an irreducible mod p representation that is ordinary at p if and only if f is ordinary.
Remark: This result is essentially best possible as there are forms in
(which can be even supercuspidal at p: see Remark 11.1 of [13] ) which give rise to ordinary mod p representations though any form in this space has p th eigenvalue zero. This may be seen from Theorem 3 of [13] , where it is shown that if a mod p representation arises from S 2 (Γ 0 (N)), then it also arises from the p-new part of S 2 (Γ 0 (Np 2 )): see also [15] .
We prove a result using the methods here that responds to a question that was posed to one of us by Dipendra Prasad Theorem 2.6 If two newforms f, f ′ in S k (Γ 0 (N)) with N prime to p and 1 ≤ k ≤ p + 1 give rise to the same irreducible mod p representation, then their pth Fourier coefficients are also congruent.
Proof: The weight 1 case is easy as then the mod p representations corresponding to f, f ′ are unramified at p and the pth Fourier coefficients are recovered as the traces of Frob p . So we assume that 2 ≤ k ≤ p + 1. We claim that the pth Fourier coefficients a p (f ) and a p (f ′ ) of f and f ′ are either both divisible by p or they are both units at p. This claim follows from Theorems 2.3 and 2.4. Then as k ≥ 2 at most one of the roots of
is a unit at p and if one of them is a unit it arises as the eigenvalue of Frob p acting on the unique unramified quotient of the mod p representation associated to f (resp, f ′ ). As we are assuming that the mod p representations associated to f, f ′ are isomorphic, and hence in particular their restrictions to D p are isomorphic, we have completed the proof.
Remark:
The above theorem is false when we do not have hypotheses on levels as follows from the first remark of this section. This issue is related to the results of [8] about companion forms, and it is also this failure that results in the twin form phenomena of [11] . We do not know what happens for weights > p + 1 and levels prime to p.
3 p-adic representations
p-adic ordinarity
Now we turn to the p-adic analogue of the above question. At the time we wrote this note in 1995 we could answer these p-adic analogues in some cases using the results of Wiles. But now it is indeed possible to give clean answers as a consequence of the work of [18] (see also [17] ).
To fix notations, we work with a ring O p that is the ring of integers of a finite extension of Q p , which we will assume to be large enough so that the eigen values of Hecke operators of the form in question lie in it. Typically, we can take this to be the ring of integers in the completion of the coefficient field E f of f along the valuation given by p. We now recall the definition of ordinarity.
Definition: Let σ : Gal(Q/Q) → GL 2 (O p ) be an absolutely irreducible Galois representation. We say that it is ordinary at p if σ| Dp is reducible and has an unramified one-dimensional quotient. 
Theorem 3.2 Let f be a newform such that the corresponding automorphic representation π p (f ) is supercuspidal and let σ be the p-adic representation associated to f . Then σ| Dp is irreducible.
Proof: The proofs of both the theorems follow from results in [18] . For Theorem 3.1 see Proposition 3.6 of [17] . Theorem 3.2 follows from the main theorem of [18] and the fact that the restriction of the Weil-Deligne parameter of a supercuspidal representation of GL 2 (Q p ) to the Weil group of Q p is irreducible.
Remark: As noted above it is also possible to give a different proof in many cases using the theorems of the type proven by Wiles (see [23] ) identifying ordinary deformation rings and ordinary Hecke rings of fixed tame level, under some technical conditions.
Images of p-adic representations
One can also ask for more detailed information about the local image at p, σ| Dp , of the p-adic representation σ associated to a newform f , in terms of π p (f ) in general. If f is ordinary, then by Deligne's theorem we have a good answer, though we do not know if this representation can ever be semisimple upon restriction to an open subgroup of the inertia group. We have the following result in the weight 2 case whose argument was pointed out to us by Dipendra Prasad: Proof: This follows from the theory of Serre-Tate liftings. Namely from Theorem 2 of A.2.3 of Chapter IV of [21] , assuming the contrary leads to the conclusion that f has CM. 2
The following result is a simple consequence of Fontaine's theory (see [7] ) but seems worth spelling out as we find the result striking (see [22] for a much more extensive study of p-adic representations that arise from elliptic curves over Q p ).
Theorem 3.3 If E /Qp is an elliptic curve with good supersingular reduction. Let V p the representation of the Galois group
G = Gal(Q p /Q p ) on V p = H 1 et (E⊗Q p , Q p ). The image of G in GL(V p ) is dihedral, i.e.,
all supersingular elliptic curves over Q p have formal CM.
Proof: Let E be an elliptic curve with good supersingular reduction over Q p . We choose a model for it over Z p will write E 0 for the special fibre of this model. What is being asserted here is essentially independent of the choice of the integral model.
Fontaine's theory provides a complete description of V p in terms of the crystalline cohomology H 
This comes equipped with a Frobenius automorphism (this is because we are over Q p ) φ : V cris → V cris . By a well-known theorem of Berthelot, there is a canonical V dr ≃ V cris .
By [7] we know that the G-representation V p is completely determined by V cris , φ and the Hodge filtration, and in particular End G (V p ) (as a Galois module) is the same as the endomorphism algebra of the filtered φ-module V cris . So we now compute the endomorphisms of the filtered φ-module V cris . Because our curve has good supersingular reduction and because we are over Q p the characteristic polynomial of φ is X 2 + p, more over φ is semi-simple.
Further we may assume without loss of generality that φ is given by the matrix φ = 0 1 −p 0 for some basis e 1 , e 2 of V cris . The matrix of φ with respect to any other basis e ′ 1 , e ′ 2 is then of the form AφA −1 for a suitable A ∈ GL 2 (Q p ). Note that since our curve E 0 is defined over F p and is supersingular, not all its endomorphisms are defined over F p . All the endomorphisms of E 0 become visible over F p 2 . The key point is the following elementary fact that the endomorphisms of the pair (V ′ cris , φ ′ ) is a quaternion algebra ramified at p, ∞ given explicitly as a b pb σ a σ . From this by a simple calculation that we omit it follows that the endomorphisms of the filtered module (V cris , φ) which are defined over Q p are the scalars (we do a more involved calculation of the same type below).
We pass to F p 2 to do the main calculation of endomorphisms of filtered modules which shows that the endomorphisms of V p (⊗Q p ) considered as a module for the Galois group of Q p 2 , the unramified quadratic extension of Q p , are Q p 2 . It is easy to verify (using for instance the proper base change theorem) that the crystalline cohomology of the curve over F p 2 can be obtained from the curve over F p as follows: the underlying Q p 2 -vector spaces is V ′ cris = Q p 2 ⊗ Qp V cris , we have to define the Frobenius on V ′ cris . This is done in the obvious way:
where φ : V cris → V cris is the Frobenius on V cris and σ : Q p 2 → Q p 2 is the non-trivial Galois automorphism of Q p 2 /Q p . In particular: φ ′ is σ-semilinear automorphism (hence it is Q p -linear). Also note that Fontaine's comparison theorem is compatible with this base change as B cris is a Q nr p -algebra. Now one reduces to doing some elementary semilinear algebra. We want to compute the endomorphisms of V ′ cris as a filtered φ ′ -module. An endomorphism of such data is a linear map of Q p 2 -vector spaces, which commutes with the Frobenius φ ′ and preserve the filtration. To compute explicitly it is convenient do our calculations for a particular form of the Frobenius:
given by the matrix
Notice that φ ′ is also given by the matrix above for φ (merely extend the basis of V to V ′ ). But now φ ′ is σ-semilinear: so on the coefficients of the basis vectors σ will operate. Let τ : V ′ → V ′ be any endomorphism of V ′ . We may assume without loss of generality that τ preserves our basis vector e 1 . So it is upper triangular. Thus we can suppose τ = α β 0 δ , with respect to our basis. The condition that φ ′ τ = τ φ ′ means that the matrices corresponding to them σ-commute, in symbols:
This gives us the relations: δ = α σ and β = 0. So any τ which commutes with φ ′ and which preserves the basis e 1 , e 2 must be of the form τ = α 0 0 α σ for some α ∈ Q p 2 . Now to recover results for our filtration basis e ′ (with respect to the new basis). So we see that if we restrict our Galois representation to Q p 2 , then the algebra of endomorphisms of the Tate module of our curve E is isomorphic to the two dimensional Q p vector-space Q p 2 . By a standard argument using the double commutant theorem or more directly one deduces that the Lie algebra of the image of G (and more generally of any open subgroup of finite index) is toral. Hence by the irreducibility of the the representation V p that we saw earlier, we conclude that the image of G is dihedral.
Remark: A more direct argument using formal groups to prove this result was given by Dipendra Prasad, and is as follows. The formal group of an elliptic curve over Q p with good supersingular reduction is a height 2 formal group which is a Lubin-Tate formal group over the quadratic unramified extension of Q p . Hence from the Lubin-Tate theory, the maximal compact subring of this quadratic unramified extension operates on the formal group, and thus the elliptic curve has formal CM.
